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ABSTRACT 
Using t h e  p r o p e r t i e s  o f  t h e  r e l a t e d  o r t h o g o n a l  p o l y n o m i a l s ,  
a p p r o x i m a t e  s o l u t i o n  of a s y s t e m  o f  s i m u l t a n e o u s  s i n g u l a r  i n -  
t e g r a l  e q u a t i o n s  i s  o b t a i n e d ,  i n  which t h e  e s s e n t i a l  f e a t u r e s  
o f  t h e  s i n g u l a r i t y  o f  t h e  unknown f u n c t i o n s  a r e  p r e s e r v e d .  
In  t h e  s y s t e m  of i n t e g r a l  e q u a t i o n s  o f  f i r s t  k i n d ,  t h e  f u n d a -  
m e n t a l  s o l u t i o n  i s  t h e  w e i g h t  f u n c t i o n  o f  t he  Cheb i shev  p o l y -  
n o m i a l s  of f i r s t  o r  second k i n d .  In  t h e  s y s t e m  o f  s i n g u l a r  
i n t e g r a l  e q u a t i o n s  of  s e c o n d  k i n d  w i t h  c o n s t a n t  c o e f f i c i e n t s ,  
t h e  e l e m e n t s o f  t he  fundamenta l  m a t r i x  a r e  t h e  w e i g h t s  of  
J a c o b i  p o l y n o m i a l s .  The approx ima te  s o l u t i o n  i s  expressed  a s  
t h e  fundamen ta l  f u n c t i o n  , r e p r e s e n t i n g  t h e  s i n g u l a r  b e h a v i o r  
o f  t h e  u n k n o w n  f u n c t i o n s ,  m u l t i p l i e d  by s e r i e s  of p r o p e r  o r t h o -  
gona l  p o l y n o m i a l s  w i t h  unknown c o e f f i c i e n t s .  The t e c h n i q u e s  
o f  d e r i v i n g  t h e  sys t em o f  a l g e b r a i c  e q u a t i o n s  t o  d e t e r m i n e  
t h e s e  c o e f f i c i e n t s  i s  d e s c r i b e d .  
* 
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1 .  INTRODUCTION 
The s y s t e m  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  o f  t h e  form 
1 M  
may be f o u n d  i n  t h e  f o r m u l a t i o n  o f  many boundary  v a l u e  p rob lems  
c o n t a i n i n g  g e o m e t r i c  s i n g u l a r i t i e s .  In ( l ) ,  t h e  f u n c t i o n s  a i j ,  
b i j  
t h e  k e r n e l s  k i j  a r e  a l s o  known and s a t i s f y  a Ho lde r  c o n d i t i o n  
i n  e ach  o f  t h e  v a r i a b l e s  t and T ,  and t h e  u n k n o w n  f u n c t i o n s  o i  
a r e  l i k e w i s e  r e q u i r e d  t o  s a t i s f y  a H o l d e r  c o n d i t i o n .  
known p h y s i c a l  p roblems of p r a c t i c a l  i n t e r e s t ,  a i j  and b i j  a r e  
c o n s t a n t s  and M ,  t h e  number o f  the  unknown f u n c t i o n s ,  i s  2 o r  
3 .  Among t h e  p h y s i c a l  examples ,  we may ment ion  the  e l a s t o -  
s t a t i c  p rob lems  i n  s h e l l s ,  composi te  m a t e r i a l s  and l a y e r e d  
media c o n t a i n i n g  c u t s ,  d i f f u s i o n  problems i n  nonhomogeneous 
media c o n t a i n i n g  p a r t i a l l y  i n s u l a t e d  l i n e  b a r r i e r s ,  wave d i f -  
f r a c t i o n  p rob lems  i n  homogeneous media c o n t a i n i n g  r i g i d  l i n e  
b a r r i e r s  or c u t s ,  and c o n t a c t  p rob lems  i n  t h e  p r e s e n c e  o f  
f r i c t i o n .  
and f i  a r e  g i v e n  on ( - 1 , l )  and s a t i s f y  a Ho lde r  c o n d i t i o n ,  
In  t h e  
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The g e n e r a l  t h e o r y  o f  the  s y s t e m  o f  i n t e g r a l  e q u a t i o n s  
( 1 )  i s  g iven  i n  [ l ] ,  where a s t a n d a r d  t e c h n i q u e  of  r e d u c i n g  i t  
t o  a s y s t e m  o f  Fredholm i n t e g r a l  e q u a t i o n s  i s  d i s c u s s e d .  How- 
e v e r ,  t h i s  t e c h n i q u e  i s  based on t h e  a s s u m p t i o n  t h a t  t h e  f u n -  
damenta l  m a t r i x  c o r r e s p o n d i n g  t o  t h e  s o l u t i o n  of t h e  dominant  
s y s t e m  i s  somehow o b t a i n e d .  As ide  from t h e  d i f f i c u l t y  encoun-  
t e r e d  i n  o b t a i n i n g  t h e  fundamenta l  m a t r i x ,  f o r  which n o  g e n e r a l  
method i s  g i v e n ,  i n  p r a c t i c e ,  t h e  d i r e c t  method of  r e d u c i n g  
t h e  s y s t e m  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  t o  a sys t em o f  F red -  
holm e q u a t i o n s  i s  r a t h e r  cumbersome. For t h e s e  r e a s o n s ,  t h e  
deve lopmen t  o f  an approx ima te  method p r e s e r v i n g  t h e  c o r r e c t  
n a t u r e  of s i n g u l a r i t i e s  o f  t h e  unknown f u n c t i o n s  seems t o  be 
v e r y  d e s i r a b l e .  
In  p h y s i c a l  p r o b l e m s ,  the  ends  1 a r e  p o i n t s  ' o f  g e o m e t r i c  
s i n g u l a r i t y .  U s u a l l y  t h e  i n v e s t i g a t i o n  o f  t h e  b e h a v i o r  o f  t h e  
u n k n o w n  f u n c t i o n s  i n  t h e  ne ighborhood o f  t h e s e  s i n g u l a r  p o i n t s  
i s  one of  t h e  main o b j e c t i v e s  i n  s o l v i n g  t h e  problem.  Gener-  
a l l y ,  p h y s i c a l  a rgumen t s  p r o v i d e  s u f f i c i e n t  i n f o r m a t i o n  a b o u t  
such  b e h a v i o r  t o  f i x  t h e  index  f o r  each u n k n o w n  f u n c t i o n .  I n -  
v a r i a b l y ,  t h e s e  a rguments  s imply  amount t o  s t a t i n g  t h a t  i f  t h e  
unknown f u n c t i o n  i s  a p o t e n t i a l  ( e . g . ,  t e m p e r a t u r e ,  d i s p l a c e -  
m e n t ,  v e l o c i t y  p o t e n t i a l ) ,  i t  h a s  t o  be b o u n d e d  a t  t h e  s i n g u l a r  
p o i n t s ,  and i f  i t  i s  a f l u x - t y p e  q u a n t i t y  ( e . g . ,  s t r e s s ,  h e a t  
f l u x ,  v e l o c i t y ) ,  i t s  v a l u e  a t  s i n g u l a r  p o i n t s  w o u l d  be i n f i n i t e  
b u t  i n t e g r a b l e .  Thus,  i n  the c a s e  of  a s i n g l e  u n k n o w n  f u n c t i o n ,  
s o l v i n g  t h e  dominant  e q u a t i o n  a n d  f i x i n g  t h e  i n d e x  by means of 
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p h y s i c a l  a r g u m e n t s ,  one may e a s i l y  o b t a i n  t h e  f u n d a m e n t a l  f u n c -  
t i o n  o f  t h e  i n t e g r a l  e q u a t i o n .  
In a s i n g u l a r  i n t e g r a l  e q u a t i o n  w i t h  c o n s t a n t  c o e f f i c i e n t s  
t h e  fundamenta l  f u n c t i o n  turns  o u t  t o  be t h e  w e i g h t  f u n c t i o n  
o f  some well-known o r t h o g o n a l  p o l y n o m i a l s .  For  example ,  i n  
t h e  i n t e g r a l  e q u a t i o n  of  f i r s t  k i n d ,  t h e  fundamen ta l  f u n c t i o n  
i s  t h e  w e i g h t  of  Chebishev po lynomia l s  o f  f i r s t  and s e c o n d  
k i n d  f o r  t h e  v a l u e s  o f  t h e  i n d e x  K = 1 and K = - 1 ,  r e s p e c -  
t i v e l y ,  and i n  t h e  s i n g u l a r  i n t e g r a l  e q u a t i o n  o f  s e c o n d  k i n d ,  
t h e  fundamen ta l  f u n c t i o n  i s  the w e i g h t  o f  J a c o b i  p o l y n o m i a l s .  
T h u s ,  u s i n g  t h e  p r o p e r t i e s  of  t h e  r e l a t e d  o r t h o g o n a l  po lynomi-  
n a l s ,  an a p p r o x i m a t e  s o l u t i o n  o f  t h e  i n t e g r a l  e q u a t i o n  may be 
o b t a i n e d  i n  which t h e  e s s e n t i a l  f e a t u r e s  o f  t h e  s i n g u l a r i t y  o f  
t h e  u n k n o w n  f u n c t i o n  i s  p r e s e r v e d .  In  [2Iy by an i n d i r e c t  use 
o f  t h e  p r o p e r t i e s  o f  Chebishev p o l y n o m i a l s ,  t h e  a p p r o x i m a t e  
s o l u t i o n  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n  o f  f i r s t  k i n d  has  been 
o b t a i n e d .  T h e  p roblem has a l s o  been c o n s i d e r e d  i n  [ 3 ]  i n  
r a t h e r  g e n e r a l  terms. More n o t a b l e  and somewhat more d e t a i l e d  
a p p l i c a t i o n s  u s i n g  t h e  p r o p e r t i e s  o f  J a c o b i  p o l y n o m i a l s  a p p e a r e d  
i n  r e c e n t  p a p e r s  [ 4 ]  and [5]. In  [ 5 ] ,  a s p e c i a l  c a s e  o f  ( 1 )  
i s  c o n s i d e r e d  i n  i n t e g r a t e d  f o r m .  A n o t h e r  t e c h n i q u e  t o  o b t a i n  
an a p p r o x i m a t e  s o l u t i o n  t o  a s i n g u l a r  i n t e g r a l  e q u a t i o n  o f  
f i r s t  k ind  i s  d e s c r i b e d  i n  [ 6 ] ,  i n  which i n s t e a d  o f  t h e  p r o p e r  
o r t h o g o n a l  p o l y n o m i a l s  a power s e r i e s  i s  used  and t h e  unknown 
c o e f f i c i e n t s  a r e  o b t a i n e d  by t h e  method o f  l e a s t  s q u a r e s .  
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In  what  f o l l o w s ,  we w i l l  f i r s t  c o n s i d e r  t h e  s y s t e m  o f  s i n -  
g u l a r  i n t e g r a l  e q u a t i o n s  o f  f i r s t  k i n d .  In  some p h y s i c a l  p rob -  
l ems ,  the  k e r n e l s  k i j  c o n t a i n  l o g a r i t h m i c  s i n g u l a r i t i e s .  
b e t t e r  a c c u r a c y  i n  t h e  s u b s e q u e n t  q u a d r a t u r e s  i n v o l v i n g  k i j ,  
we w i l l  assume t h a t  the  terms c o n t a i n i n g  t h e s e  s i n g u l a r i t i e s  
a r e  a l s o  s e p a r a t e d  and r ema in ing  Fredholm k e r n e l s  a r e  bounded. 
We w i l l  t h e n  c o n s i d e r  t h e  sys tem o f  i n t e g r a l  e q u a t i o n s  of  
s e c o n d  k i n d  w i t h  c o n s t a n t  c o e f f i c i e n t s ,  o b t a i n  t h e  fundamen ta l  
m a t r i x  a n d  d e s c r i b e  two d i f f e r e n t  a p p r o a c h e s  t o  f i n d  an approx-  
i m a t e  s o l u t i o n .  
For 
2 .  S I N G U L A R  INTEGRAL EQUATIONS O F  F I R S T  K I N D ,  K = - 1 
C o n s i d e r  t h e  s y s t e m  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  ( 1 )  i n  
which t h e  c o e f f i c i e n t s  a i j  a r e  z e r o ,  b i j  a r e  g iven  c o n s t a n t s ,  
t h e  k e r n e l s  k i j  c o n t a i n  no weak s i n g u l a r i t i e s  b u t  may have 
l o g a r i t h m i c  s i n g u l a r i t i  es  h a v i n g  a l s o  c o n s t a n t  c o e f f i c i e n t s  
which a r e  assumed t o  be s e p a r a t e d .  We t h u s  have 
a r e  k n o w n  a n d  bounded k i  j where  t h e  m a t r i x  b i j  i s  n o n s i n g u l a r ,  
i n  t h e  c l o s e d  i n t e r v a l  - 1 z ( t , T ) Z 1 ,  a n d  f i  a r e  g iven  f u n c t i o n s  
s a t i s f y i n g  t h e  Ho lde r  c o n d i t i o n  
- 5 -  
I. 
I 
The a r b i t r a r y  i n t e g e r s  A ; ,  hi; a r e  d e t e r m i n e d  t h r o u g h  p h y s i c a l  
C o n s i d e r i n g  t h e  d o m i n a n t  p a r t  o f  e a c h  e q u a t i o n  i n  ( Z ) ,  t h e  
f u n d a m e n t a l  f u n c t i o n s  f o r  $ k ( t )  = 1 b 
d e t e r m i n e d  t o  b e  
+ . ( t )  may e a s i l y  b e  
k j  3 
+ A "  < 1 k 
1 - 1 < - z +  Al; < 1, - 1 < - -  2 
The  sum - ( A ;  + A ; )  = K~ i s  known as  t h e  i n d e x  o f  t h e  c o r r e -  
s p o n d i n g  e q u a t i o n  and w i l l  have a v a l u e  o f  - 1 ,  0 o r  1 .  T h u s ,  
i f  t h e  f u n c t i o n s  ~l~ a r e  bounded and  h a v e  t h e  same b e h a v i o r  a t  
+ 1 ,  K = - 1 and  t h e  f u n d a m e n t a l  f u n c t i o n s  a r e  - 
I n  t h i s  c a s e ,  i n  a d d i t i o n  t o  t h e  s y s t e m  o f  e q u a t i o n s  ( Z ) ,  
t h e  s o l u t i o n  m u s t  s a t i s f y  t h e  f o l l o w i n g  c o n s i s t e n c y  c o n d i t i o n s :  
1 1 M  
Not ing  t h a t  t h e  fundamen ta l  f u n c t i o n  R k ( t )  i s  t h e  w e i g h t  o f  
t he  Chebishev p o l y n o m i a l s  o f  s e c o n d  k i n d ,  t o  o b t a i n  an a p p r o x -  
i m a t e  s o l u t i o n  f o r  ( 2 ) ,  we w i l l  p r o c e e d  a s  f o l l o w s .  L e t t i n g  
we o b s e r v e  t h a t  t h e  s i n g u l a r  n a t u r e  o f  t h e  f u n c t i o n s  + k  i s  
p r e s e r v e d ,  where U n ( t )  i s  t h e  Chebishev  polynoni ia l  o f  s e c o n d  
k i n d  and A i n  ( i  = 1,---M; n = 0,--N) a r e  c o n s t a n t  c o e f f i c i e n t s .  
Now, u s i n g  the  p r o p e r t y  [ 7 ]  
1 U n ( T ) ( L - c 2 )  1 / 2  
d-c = - 71 T n + l ( t )  I T - t  -1 ( 7 )  
and d e f i n i n g  
f rom ( Z ) ,  we o b t a i n  
M N  
+ g i j n ( t )  A j n ]  = f i ( t ) ,  ( i  = l,--,M), ( - l < t < l )  ( 9 )  
where T n ( t )  i s  t h e  Chebishev  po lynomia l  of  f i r s t  k i n d  and V n ( t )  
- 7 -  
i s  g i v e n  by 
TI 1 - 2 ( t 2  + + l o g  Z ) ,  ( n  = 0 )  
( n  = 2,4, - - )  
To o b t a i n  t h e  unknown c o n s t a n t s  A j n ,  i n  ( 9 ) ,  we m u l t i p l y  
b o t h  s i d e s  by T k ( t ) ( 1 - t 2 ) -  
Using t h e  o r t h o g o n a l i t y  r e l a t i o n  
and  i n t e g r a t e  f rom - 1 t o  1 .  
TI - ( n  = k > 0 )  2 '  
and  d e f i n i n g  
f r o m  ( 9 )  we o b t a i n  
- 8-  
E q u a t i o n  ( 1 3 )  p r o v i d e s  a s y s t e m  o f  a l g e b r a i c  e q u a t i o n s  t o  de-  
t e r m i n e  t h e  c o e f f i c i e n t s  A ( j  = l , - - , M ,  n = O , l , - - , N ) .  
j n  
In ( 1 3 ) ,  t h e  m a t r i x  ( a n k )  i s  b i - d i a g o n a l  and i s  g iven  by 
a 3  = 2 (2  + l o g  Z ) ,  ( k  = n = 0 )  
n > 0 )  - 7l2 ( k  = n + 2 ,  - - - 4(n+2)’ 
N o t i n g  t h a t  A j k - l  = 0 for  k = 0 ,  T o ( t )  = 1 ,  and c o n s i d e r i n g  
the  d e f i n i t i o n s  (6), ( 8 )  and ( l Z ) ,  i t  i s  s een  t h a t  t h e  f i r s t  s e t  
o f  M e q u a t i o n s  o b t a i n e d  from ( 1 3 )  by l e t t i n g  k = 0 i s  e q u i v a l e n t  
t o  t h e  c o n s i s t e n c y  c o n d i t i o n s  g i v e n  by ( 5 ) .  Hence, u s i n g  t h e  
f o r e g o i n g  t e c h n i q u e ,  t h e  c o n d i t i o n s  o f  c o n s i s t e n c y  a r e  s a t i s -  
f i e d  w i t h o u t  any r e f e r e n c e  t o  o r  r e q u i r e m e n t  of c e r t a i n  oddness  
- e v e n n e s s  p r o p e r t i e s  of  t h e  f u n c t i o n s  ‘ p i ,  f i  a n d  k i j .  
I n  t h e  p r o c e d u r e  o u t l i n e d  above ,  t h e  m a i n  b u l k  o f  t h e  
n u m e r i c a l  w o r k  l i e s  i n  the  e v a l u a t i o n  of  t h e  i n t e g r a l s  i n  ( 8 )  
and ( l Z ) ,  which may be c o n s i d e r a b l e  i f  one c o n s i d e r s  t h e  f a c t  
-9- 
t 
t h a t  t h e  k e r n e l s  k i j  a r e ,  i n  mos t  c a s e s ,  e i t h e r  v e r y  c o m p l i -  
c a t e d  f u n c t i o n s  o r  g i v e n  i n  t e rms  o f  i m p r o p e r  i n t e g r a l s .  How- 
e v e r ,  n o t e  t h a t  a l l  t h e  i n t e g r a l s  i n  ( 8 )  a n d  ( 1 2 )  a r e  o f  
Gauss-Chebishev  t y p e  a n d  may e a s i l y  be e v a l u a t e d  by u s i n g  t h e  
p r o p e r  q u a d r a t u r e  f o r m u l a s  given by 
1 
1 h ( t ) ( l - t 2 ) ’  ’ /*  d t  = 1 w i  h ( t i )  
- 1  
TI 
P 2 P  
(. 2 i - 1 ) TI w i  = -, t i  = cos e i ,  e i  = 
w i t h  t h e  r e l a t e d  po lynomia l  T n ( t )  = T n ( c o s  e )  = cos  n e ,  
71 e i  - ( i + l ) T I  
P+l s i n 2  
e i ,  t i  = cos e i ,  - ‘i - p+1 
s i n  ( n + l )  e w i t h  t h e  r e l a t e d  po lynomia l  U n ( t )  = Un(cos  e )  = s i n  e . 
I n  p r a c t i c e ,  t h i s  b a s i c  s i m p l i c i t y  of  e v a l u a t i n g  t h e  c o e f f i -  
c i e n t s  a n k  a n d  B~~~~ would make i t  p o s s i b l e  t o  t a k e  i n t o  a c -  
c o u n t  l a r g e  number o f  t e rms  i n  t h e  s e r i e s  ( 6 )  r e s u l t i n g  i n  a 
h i g h  d e g r e e  o f  a c c u r a c y  f o r  t h e  a p p r o x i m a t e  s o l u t i o n .  
3 .  S I N G U L A R  I N T E G R A L  E Q U A T I O N S  O F  THE F I R S T  K I N D ,  K = 1 
I f  t h e  unknown f u n c t i o n s  + . ( t )  a r e  i n f i n i t e  b u t  i n t e g r a b l e  
J 
a t  T 1 ,  t h e  i n d e x  of  t h e  e q u a t i o n s  a n d  t h e  fundamen ta l  f u n c -  
- 1  0-  
O b s e r v i n g  t h a t  R k ( t )  i s  t h e  w e i g h t  o f  t h e  Chebishev  p o l y n o m i a l s  
of  the  f i r s t  k i n d ,  T n ( t ) ,  t h e  a p p r o x i m a t e  s o l u t i o n  o f  ( 2 )  may 
be  e x p r e s s e d  a s  
Using  t h e  r e l a t i o n ,  [ 7 ]  
1 0, ( n  = 0 )  




k . . ( t , T )  T n ( ~ ) ( 1 v 2 ) -  ’ I2  dT = h i j n ( t )  
1 J  
-11-  
I. from ( 2 ) ,  m u l t i p l y i n g  bo th  s ides  by U k ( t ) ( l - t 2 ) ” z  and i n t e -  
g r a t i n g ,  we o b t a i n  
( i  = 1 , - - - , M ) ,  ( k  = O y - - - , N )  
where t h e  o r t h o g o n a l i t y  r e1  a t i o n  
has  been used. 
m a t r i x  y n k  may be e v a l u a t e d ,  g i v i n g  
In ( Z O ) ,  t h e  f u n c t i o n s  W n  and t h e  b i - d i a g o n a l  
- -,T l o g  2 ,  ( n  = 0 )  
- 7r T n ( t ) ,  ( n  = l , 3 , 5 y - - )  
W n ( t )  = n 
l o g  2 ,  ( n  = k = 0 )  
= 0 ,  ( n  # k ,  n # k f 2 )  
- -,T2 - - -  
’ n k  2 
( n  = k > 0 )  ?T2 4 n  ’ -
- 
( n  = k + 2 ,  k > 0 )  - -,T2 - - -  - 4 n y  
-1  2- 
In  t h e  c a s e  o f  K = 1 ,  g e n e r a l l y  t h e r e  a r e  some a d d i t i o n a l  
( p h y s i c a l )  c o n d i t i o n s  which a re  n o t  met by t h e  s o l u t i o n  g i v e n  
by ( 1 8 )  and ( 2 1 ) .  In  t h e  f u n c t i o n - t h e o r e t i c a l  a p p r o a c h ,  t h e  
s o l u t i o n  o f  t h e  s y s t e m  of i n t e g r a l  e q u a t i o n  c o n t a i n s  a s e t  o f  
a r b i t r a r y  ( complex )  c o n s t a n t s  which a r e  d e t e r m i n e d  by u s i n g  
t he  a d d i t i o n a l  c o n d i t i o n s .  In  most  p h y s i c a l  p robJems ,  t hese  
c o n d i t i o n s  c o n s i s t  o f  s p e c i f y i n g  f i r s t  and second moments of  
t h e  f u n c t i o n s  + i ( t )  o v e r  t h e  i n t e r v a l  ( - l Y l ) ,  i . e . ,  
1 1 
I $ i ( t )  d t  = P i ,  t + i ( t )  d t  = M i ,  ( i  = l Y - - , M )  ( 2 3 )  
-1 -1  
where P i ,  M i  a r e  g i v e n  c o n s t a n t s .  
( 2 3 )  and u s i n g  t h e  o r t h o g o n a l i t y  r e l a t i o n  ( l l ) ,  i t  i s  seen 
t h a t  
S u b s t i t u t i n g  from ( 1 8 )  i n t o  
2Mi 
- -  'i , B i l  = - ( i  = 1 , - - - , M )  B i o  71 I T '  
The r e m a i n i n g  M x (N-1)  c o n s t a n t s  B i j  may t h e n  be o b t a i n e d  from 
( 2 1 )  by l e t t i n g  k = 2 ,3 , - - ,N .  T h e  c o n d i t i o n s  g i v e n  i n  t h e  form 
o t h e r  t h a n  ( 2 3 )  may be handled  i n  a s i m i l a r  way. I f  t h e  p rob-  
lem p o s s e s s e s  any k i n d  o f  symmetry,  one  may r e t a i n  o n l y  even  
o r  o d d  terms i n  ( 6 )  and ( 1 8 )  which may r e s u l t  i n  c o n s i d e r a b l e  
r e d u c t i o n  i n  n u m e r i c a l  work. 
-13-  
4 .  G E N E R A L  R E M A R K S  
R e f e r r i n g  t o  ( 3 ) ,  i f  the  index  o f  t h e  e q u a t i o n s  i s  z e r o ,  
t h a t  i s ,  i f  t h e  f u n c t i o n  i s  bounded a t  one e n d  a n d  unbounded 
a t  t h e  o t h e r ,  one may t r y  t o  e x t e n d  t h e  d e f i n i t i o n  of  t h e  f u n c -  
t i o n s  a n d  t h e  k e r n e l s  o u t s i d e  t h e  i n t e r v a l  o f  ( - 1 , l )  and r e d u c e  
t h e  problem t o  o n e  h a v i n g  an index  K = 1 .  Or, o b s e r v i n g  t h a t  
t h e  fundamen ta l  f u n c t i o n  f o r  K = 0 ,  ( l - t )  ' I2  ( l + t ) -  ' I2 ,  i s  t h e  
w e i g h t  o f  J a c o b i  p o l y n o m i a l s  P n  
t i e s  of  t h e s e  p o l y n o m i a l s ,  a p r o c e d u r e  s i m i l a r  t o  t h a t  g i v e n  
above may be f o l l o w e d  t o  o b t a i n  an a p p r o x i m a t e  s o l u t i o n .  
- ' 12 \ t ) ,  u s i n g  t h e  p r o p e r -  
In  p r a c t i c e ,  t h e  q u a n t i t i e s  r e p r e s e n t i n g  t h e  s t r e n g t h  o f  t h e  
s i n g u l a r i t i e s  a t  T 1 have g r e a t  p h y s i c a l  s i g n i f i c a n c e  a n d ,  re-  
f e r r i n g  t o  ( 6 )  and ( 1 8 ) ,  may e a s i l y  be e x p r e s s e d  a s  
I f  t h e  k e r n e l s  k i j ( t , T )  in ( 1 )  a r e  s i m p l y  H o l d e r - c o n t i n u o u s  
h a v i n g  n o  f u r t h e r  r e s t r i c t i o n s  on them, i . e . ,  i f  t h e y  c o n t a i n  
weak a s  we l l  a s  l o g a r i t h m i c  s i n g u l a r i t i e s ,  t h e  t e c h n i q u e  d e s -  
c r i b e d  above i s  s t i l l  a p p l i c a b l e .  I n  t h i s  c a s e ,  however ,  
-1 4-  
s p e c i a l  a t t e n t i o n  must be p a i d  t o  q u a d r a t u r e s  i n v o l v i n g  k i j .  
I f  t h e  c o e f f i c i e n t  m a t r i c e s  ( b i j )  and ( c i j )  i n  ( 2 )  a r e  n o t  
c o n s t a n t s  b u t  known f u n c t i o n s ,  the m a t r i x  ( b i j )  b e i n g  n o n s i n g u -  
l a r  i n  t h e  i n t e r v a l  ( - l , l ) ,  by d e f i n i n g  $ i ( t )  = 1 b . . ( t )  $ . ( t ) ,  
t h e  s y s t e m  of  e q u a t i o n s  ( 2 )  may be r e d u c e d  t o  one of  c o n s t a n t  
c o e f f i c i e n t s .  In  t h i s  c a s e ,  however ,  t h e  c o e f f i c i e n t s  ank i n  
( 1 3 )  a n d  y n k  i n  ( 2 1 )  may n o t  be o b t a i n a b l e  i n  c l o s e d  form.  
1 J  J 
F i n a l l y ,  no m a j o r  d i f f i c u l t y  would a r i s e  i n  t h e  a p p l i c a t i o n  
of  t h i s  method t o  t h e  sys t em of  e q u a t i o n s  w i t h  mixed i n d i c e s ,  
i . e . ,  t h e  c a s e  i n  which K = - 1 f o r  some a n d  K = + 1 f o r  t h e  
r e s t  o f  t h e  unknown f u n c t i o n s  o i .  
5. S Y S T E M  OF SINGULAR INTEGRAL EQUATIONS OF S E C O N D  K I N D  
C o n s i d e r  t h e  f o l l o w i n g  sys tem o f  i n t e g r a l  e q u a t i o n s  o f  
s e c o n d  k i n d  
I 
where t h e  c o e f f i c i e n t  m a t r i c e s  A = ( a i j ) ,  B = ( b . . )  a r e  con- 
s t a n t ,  t h e  m a t r i c e s  A -7 B a r e  n o n s i n g u l a r ,  and t h e  known f u n c -  
t i o n s  f = ( f . )  and K = ( k . . )  a r e  H o l d e r - c o n t i n u o u s  i n  t h e  i n -  
t e r v a l  ( a , b ) .  The s o l u t i o n  s a t i s f y i n g  a Ho lde r  c o n d i t i o n  and 
h a v i n g  c e r t a i n  s i n g u l a r  b e h a v i o r  a t  a a n d  b i s  s o u g h t .  To 
1 J  
1 1 J  
-1 5- 
s o l v e  t h e  p rob lem,  we f i r s t  f i n d  t h e  f u n d a m e n t a l  m a t r i x  by 
s o l v i n g  t h e  homogeneous d o m i n a n t  s y s t e m  
D e f i n i n g  t h e  m a t r i x  ~ ( z )  = ( m j )  by 
e q u a t i o n  ( 2 7 )  may be wr i t ten  as 
+ where  o and D- c o r r e s p o n d  t o  t h e  boundary  v a l u e s  o f  t h e  s e c -  
t i o n a l l y  ho lomorph ic  f u n c t i o n s  D . ( z ) .  We now look  f o r  t h e  
s o l u t i o n  of  t h e  homogeneous R iemann-Hi lbe r t  p roblem ( 2 9 )  i n  
J 
t h e  form 
where  w i s  a s c a l a r  f u n c t i o n  and t h e  column m a t r i x  r and t h e  
c o e f f i c i e n t  x a r e  c o n s t a n t s .  S u b s t i t u t i n g  ( 3 0 )  i n t o  ( 2 9 ) ,  we 
o b t a i n  t h e  f o l l o w i n g  e i g e n v a l u e  problem 
( A - B ) r  = x ( A + B ) r  ( 3 1 )  
L e t  t h e  e i g e n v a l u e s  and e i g e n v e c t o r s  o b t a i n e d  f r o m  ( 3 1 )  be 
, x M  and ( r  ) , - - - , ( r j M ) .  C o r r e s p o n d i n g  t o  each x k ,  we 
jl 
x 1  ,---
-1 6 -  
o b t a i n  a fundamen ta l  f u n c t i o n  w k ( z )  a s  f o l l o w s  
where 
and t h e  i n t e g e r s  y;<, Y E  a r e  chosen i n  such  a way t h a t  t h e  be-  
h a v i o r  of  t h e  fundamen ta l  f u n c t i o n s  wk(z )  a t  a and b i s  com- 
p a t i b l e  w i t h  t h e  e x p e c t e d  s i n g u l a r  b e h a v i o r  of  t h e  unknown 
f u n c t i o n s  + . ( t ) ,  ( i . e . ,  e i t h e r  bounded o r  i n f i n i t e  b u t  i n t e -  
J 
g r a b l e ) .  T h e  c o n s t a n t  
i s  known a s  t h e  i n d e x  o f  W k ( 2 ) .  
p r o b l e m s ,  t h e  e i g e n v a l u e s  X k  a r e  r e a l  and n e g a t i v e ,  g i v i n g  
I n  t h e  p h y s i c a l l y  i m p o r t a n t  
The s q u a r e  m a t r i x  
w = ( w k j ( z ) )  = ( r k j  w j ( z ) )  ( 3 3 )  
i f  o f t e n  r e f e r r e d  t o  as t h e  f u n d a m e n t a l  m a t r i x  o f  t h e  b o u n d a r y  
v a l u e  p r o b l e m  ( 2 9 ) .  Once W i s  f o u n d ,  t h e  g e n e r a l  s o l u t i o n  o f  
( 2 7 )  and ( 2 9 )  may b e  o b t a i n e d  as  
M 
w h e r e  P . ( z ) ,  (j = l y - - y M ) ,  a r e  a r b i t r a r y  p o l y n o m i a l s  c o m p a t i b l e  
w i t h  t h e  b e h a v i o r  o f  ( P ~  a t  i n f i n i t y .  
J 
I t  i s  e a s y  t o  s e e  t h a t  
(A+B) W + ( t )  = ( A - B )  W - ( t )  
I f  we now c o n s i d e r  t h e  nonhomogeneous p r o b l e m  
(35) 
(A+B)  @ + ( t )  = ( A - B )  @ - ( t )  + g ( t ) ,  ( a < t < b )  
b y  u s i n g  ( 3 5 ) ,  we o b t a i n  
+ - - 1  
( W - ’ o )  = ( W - ’ @ )  + (MW’) g , M = A + B ( 3 7 )  
-18-  
From (37), the  g e n e r a l  s o l u t i o n  o f  ( 3 6 )  may be o b t a i n e d  a s  
I where the  elements o f  t he  m a t r i x  P ( z )  = ( P n ( z ) )  a r e  a r b i t r a r y  
p o l y n o m i a l s  c o m p a t i b l e  w i t h  the  b e h a v i o r  o f  ~ ( z )  a t  i n f i n i t y .  
I n  t h e  s p e c i a l  c a s e  o f  r e a l  and n e g a t i v e  e i g e n v a l u e s  X k y  we 
h a v e ,  
( a )  K = 1 ,  $ k ( t )  i s  i n f i n i t e  b u t  i n t e g r a b l e  a t  t = a ,  
t = b ;  f o r  a s o l u t i o n  v a n i s h i n g  a t  i n f i n i t y  P n  = C n  = c o n s t a n t ;  
t h e  c o n s t a n t s  C 1 , - - C M  may b e  o b t a i n e d  from t h e  p h y s i c a l  c o n d i -  
t i o n s  a s  e x p l a i n e d  i n  S e c t i o n  3 .  
( b )  K = 0 ,  $,(t) i s  bounded a t  one  e n d  and i n f i n i t e  and 
i n t e g r a b l e  a t  t h e  o t h e r ;  ( 3 8 )  g i v e s  t h e  s o l u t i o n  w i t h  P ( z )  = 0 .  
( c )  K = - 1 ,  $ , ( t )  i s  bounded a t  b o t h  e n d s ;  ( 3 8 )  g i v e s  t h e  
s o l u t i o n  w i t h  P ( z )  = 0 ,  p r o v i d e d  t h e  f o l l o w i n g  c o n s i s t e n c y  con-  
d i t i o n s  a r e  s a t i s f i e d :  
- 1  b 
I (MW') 
a 
g ( t )  d t  = 0 ( 3 9 )  
We now return t o  t h e  i n t e g r a l  e q u a t i o n  ( 2 6 )  and  f i r s t  des -  
c r i b e  a d i r e c t  method t o  o b t a i n  an  a p p r o x i m a t e  s o l u t i o n .  Let 
b M  N 
( i  = 1, - -M) ,  ( a < t < b )  
-1  9- 
where t h e  known f u n c t i o n s  p n ( t )  form a c o m p l e t e  s y s t e m  i n  
( a , b )  a n d  c i n  a r e  unde te rmined  c o n s t a n t s  . 
( 3 6 ) ,  i t  i s  s e e n  t h a t ,  a s i d e  from the unknown c o n s t a n t s  tin, 
t h e  m a t r i x  g ( t )  i s  known: 
* 
Comparing ( 2 6 )  and 
N 
T h u s ,  t h e  s o l u t i o n  of  ( 2 6 )  can be o b t a i n e d  i n  c l o s e d  form i n  
t e rms  of  t h e  unde te rmined  c o n s t a n t s  c i n  from ( 3 8 )  and 
The s y s t e m  o f  e q u a t i o n s  t o  o b t a i n  c i n  i s  o b t a i n e d  by s u b s t i -  
t u t i n g  $ k ( t y c i n )  i n t o  ( 4 0 )  a n d  u s i n g  a w e i g h t e d  r e s i d u a l  method.  
* 
N o t i n g  t h a t  +(T) c o n t a i n s  t h e  f u n c t i o n s  W k ( T )  a s  m u l t i p l y i n g  
f a c t o r s ,  and i n  p r a c t i c e  p n ( t )  i s  u s u a l l y  t a k e n  a s  a s i m p l e  
p o l y n o m i a l ,  t h e r e  may be a q u e s t i o n  a b o u t  t h e  r e g u l a r i t y  o f  
t h e  l e f t - h a n d  s i d e  of  ( 4 0 ) .  However, a c c o r d i n g  t o  a t heo rem 
of  R i e s z  [ 8 ] ,  “ e v e r y  L 2  kerne l  k ( t , - r )  can be a p p r o x i m a t e d  ( i n  
t he  mean) as c l o s e l y  a s  we wish by means of  a k e r n e l  o f  f i n i t e  
r a n k ” ,  i . e . ,  k ( t , ~ )  = 1 r i ( t )  s i ( T ) y  r i ,  s i  b e i n g  L 2  f u n c t i o n s ,  
- l < t ,  ~ < l .  I f  we now assume t h a t  $ ( T )  may be e x p r e s s e d  a s  
$ ( - c )  = 1 A n  W ( T >  p n  ( a y ’ ) ( ~ )  a n d  t h e  f u n c t i o n s  r i ( t )  a r e  r e g u l a r ,  
t h e  l e f t - h a n d  s i d e  of ( 4 0 )  becomes a s e r i e s  i n  r i ( t )  t h e  c o e f f i -  
c i e n t s  o f  which c o n t a i n  t h e  c o n s t a n t s  A n  a n d  t h e  e x p a n s i o n  co -  
e f f i c i e n t s ,  B i n  o f   si(^) i n  a s e r i e s  of J a c o b i  p o l y n o m i a l s  
’n ( a y ’ ) ( ~ ) ,  s ~ ( T )  = 1 B i n  p, ( a y ’ ) ( ~ ) .  
i n t e r e s t ,  s i n c e  k i j  i s  e i t h e r  bounded or has  a t  most  a l o g a -  
r i t h m i c  s i n g u l a r i t y  i n  the  i n t e r v a l  ( a , b ) ,  i n  p r i n c i p l e ,  t he  
a s s u m p t i o n  ( 4 0 )  seems t o  be j u s t i f i e d .  
-20-  
N 
In p h y s i c a l  p roblems of  
( i  = 1 , - - , M ) ,  ( m  = 1 , - - , N )  ( 4 3 )  
where the  w e i g h t  f u n c t i o n s  v i m ( t )  a r e  such t h a t  e i t h e r  ( 4 3 )  i s  
e q u i v a l e n t  t o  a l e a s t  s q u a r e  method,  or v i , ( t ) ,  ( m  = l , Z , - - - )  
form a c o m p l e t e  s y s t e m  i n  ( a , b )  meaning t h a t  a s  N -+ a, t h e  ap-  
p r o x i m a t e  s o l u t i o n  4 . ( t , c i l , - - -  
app roach  t h e  e x a c t  s o l u t i o n .  However, i n  p r a c t i c e ,  one may 
a l s o  choose  t h e  w e i g h t s  a s  d e l t a - f u n c t i o n s ,  v i m ( t )  = 6 ( t - t m ) ,  
( a < t m < b ,  m = 1 , - - ,  N), s i m p l i f y i n g  t h e  n u m e r i c a l  work c o n s i d -  
e r a b l y  a t  t h e  e x p e n s e  o f  somewhat s l o w e r  c o n v e r g e n c e .  In  t h e  
c a s e  o f  K = - 1 ,  t o  t a k e  i n t o  a c c o u n t  t h e  a d d i t i o n a l  M ( c o n -  
s i s t e n c y )  e q u a t i o n s  ( 3 9 ) ,  t h e  number o f  e q u a t i o n s  i n  ( 4 3 )  
s h o u l d  be r educed  by M by t a k i n g  ( m  = 1 , - - ,  N - 1 ) .  
c i N )  would be e x p e c t e d  t o  
J 
\ 
In  t h e  s i n g u l a r  i n t e g r a l  e q u a t i o n s  of  s econd  k i n d  w i t h  con- 
s t a n t  c o e f f i c i e n t s ,  the fundamenta l  f u n c t i o n s  w k ( t )  a r e  weights 
of  J a c o b i  p o l y n o m i a l s  P n  (sky 
n o r m a l i z e d  t o  be ( - 1 , l ) .  Hence, u s ing  t h e  p r o p e r t i e s  of  t h e  
J a c o b i  p o l y n o m i a l s  [ 4 , 7 , 9 ]  a n d  f o l l o w i n g  a p r o c e d u r e  s i m i l a r  
t o  t h a t  of S e c t i o n s  2 and 3 o f  t h i s  p a p e r ,  a s e c o n d  a p p r o x i m a t e  
method t o  s o l v e  the s y s t e m  o f  e q u a t i o n s  ( 2 6 )  may a l s o  be d e v e l -  
B )  
( t )  i f  t h e  i n t e r v a l  ( a , b )  i s  
oped .  T o  do t h i s ,  we f i r s t  p r e m u l t i p l y  ( 2 6 )  by A - '  ( a s s u m i n g  
t h a t  A i s  n o n s i n g u l a r )  a n d  d i a g o n a l i z e  t h e  m a t r i x  A-lB = D 
= ( d . . ) .  Le t  x i ,  r i ,  R b e ,  r e s p e c t i v e l y ,  t h e  e i g e n v a l u e s ,  t h e  
1 J  
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e i g e n v e c t o r s  and t h e  modal m a t r i x  of  D ,  i . e . ,  
M 
1 
I D  - A I ]  = ( - l ) M  n ( A  - x i ) ,  
Dri = h i r i ,  ( i  = 1 , - - , M ) ,  R = ( r . . )  
1 J  
S u b s t i t u t i n g  
and u s i n g  t h e  p r o p e r t y  D R  = R A ,  i t  i s  s e e n  t h a t  ( 2 6 )  may be 
w r i t t e n  a s  
= R-l A - 1  f ( t )  , ( a < t < b )  (44) 
The dominant  s y s t e m  i n  ( 4 4 )  i s  uncoupled  a n d  may e a s i l y  
be s o l v e d  t o  g i v e  t h e  fundamen ta l  f u n c t i o n s ,  w h i c h ,  a s suming  
t h a t  t h e  i n t e r v a l  ( a , b )  i s  n o r m a l i z e d  t o  be ( - l , l ) ,  may be 
w r i t t e n  a s  




- l o g  (7) + Yi; 
- 2 2 -  'k - 'k 
a n d  t h e  i n t e g e r s  y;( a n d  y[ a r e  c h o s e n  i n  s u c h  a way t h a t  t h e  
s i n g u l a r  b e h a v i o r  o f  w k ( t )  a t  T 1 i s  c o m p a t i b l e  w i t h  t h a t  o f  
$ k ( t ) .  Thus ,  t h e  c o r r e s p o n d i n g  i n d e x  i s  K~ = - ak - Bk 2-1. 
The a p p r o x i m a t e  s o l u t i o n  o f  ( 4 4 )  may now b e  w r i t t e n  as  
( - 1  44 )  ( 4 6 )  
w h e r e  t h e  c o n s t a n t s  Ckn a r e  unknown. 
m a t r i c e s  
D e f i n i n g  t h e  f o l l o w i n g  
\ 
a n d  s u b s t i t u t i n g  ( 4 6 )  i n t o  ( 4 4 ) ,  we o b t a i n  
( - l < t < l ) ,  ( k  7 l , - - , M )  ( 4 8 )  
N O W ,  a s s u m i n g  t h a t  t h e  k e r n e l s  h k m ( t , T ) ,  (k ,m = l , - - , M )  a r e  
s q u a r e  i n t e g r a b l e  i n  - l< t ,  ~ < 1 ,  t h e y  may b e  a p p r o x i m a t e d  b y  
* 
* 
See t h e  f o o t n o t e  on page 2 0 .  
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w h e r e ,  u s i n g  t h e  o r t h o g o n a l i t y  c o n d i t i o n  [ 9 ]  
1 
J 'n ( a y B ) ( t )  P j ( a y B ) ( t )  w ( t )  d t  = 0, ( n  # j) 
- 1  
a r e  f o u n d  t o  b e  
kmP 
t h e  f u n c t i o n s  w 
U s i n g  t h e  r e l a t i o n  [ 4 ] ,  
f r o m  ( 4 8 )  a n d  ( 4 9 ) ,  we f i n d  
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M P N  ( - ak, - 8 k) + I  C . C d  C P  ( t )  = g k ( t )  
m=l p=o J = O  k m p j  m j  p 
( - l < t < l ) ,  ( k  = l , - - ,M)  
where 
F i n a l l y ,  n o t i n g  t h a t  i n  ( 5 2 )  t h e  J a c o b i  p o l y n o m i a l s  ap-  
p e a r i n g  i n  each row have t h e  same w e i g h t  
- B k  ( t )  = ( l + t )  - a k  ( 1 - t )  '-k 
u s i n g  ( 5 0 ) ,  t h e  s y s t e m  of e q u a t i o n s  t o  d e t e r m i n e  t h e  u n k n o w n  
c o e f f i c i e n t s  c k n  may be o b t a i n e d  as  
- 2 5 -  
We a g a i n  o b s e r v e  t h a t ,  s i nce  P o  ( " ' B ) ( t )  = 1 ,  i n  the  c a s e  
o f  K~ = - 1 ,  t h e  e q u a t i o n s  c o r r e s p o n d i n g  t o  p = 0 i n  ( 5 3 )  a r e  
e q u i v a l e n t  t o  t h e  f o l l o w i n g  c o n s i s t e n c y  c o n d i t i o n s  
O f  t h e  two m e t h o d s  d e s c r i b e d  above ,  t he  f i r s t  which  l e a d s  
t o  ( 4 3 )  a v o i d s  n u m e r i c a l  work w i t h  J a c o b i  p o l y n o m i a l s  and 
seems t o  be s i m p l e r  t h a n  t h e  s e c o n d  method l e a d i n g  t o  ( 5 3 ) .  
F i n a l l y ,  we n o t e  t h a t ,  f rom t h e  p h y s i c a l  view p o i n t ,  s i n g u -  
l a r  b e h a v i o r s  o f  t h e  s o l u t i o n s  o f  i n t e g r a l  e q u a t i o n s  o f  f i r s t  
and s e c o n d  k i n d  a r e  q u i t e  d i f f e r e n t .  In  t h e  c a s e  o f  i n t e g r a l  
e q u a t i o n s  o f  f i r s t  k i n d ,  t h e  fundamen ta l  f u n c t i o n  i s  the  w e i g h t  
o f  Cheb i shev  p o l y n o m i a l s  and goes  t o  z e r o  o r  i n f i n i t y  s m o o t h l y  
a s  t he  s i n g u l a r  p o i n t  i s  a p p r o a c h e d .  The fundamen ta l  f u n c t i o n s  
o f  t h e  i n t e g r a l  e q u a t i o n s  o f  s e c o n d  k i n d ,  which a r e  t h e  w e i g h t s  
o f  J a c o b i  p o l y n o m i a l s ,  a l s o  g o  t o  z e r o  o r  i n f i n i t y  a s  t h e  
v a r i a b l e  a p p r o a c h e s  t h e  s i n g u l a r  p o i n t .  However, i n  t h e  l a t -  
t e r  c a s e ,  s i n c e  t h e  exponents  ak and Bk a r e  complex ( s e e :  ( 3 2 ) ) ,  
i n  t h e  ne ighborhood  o f  t he  s i n g u l a r  p o i n t ,  t h e  s o l u t i o n  e x h i b i t s  
w i l d  o s c i l l a t i o n s  [ l o ) ,  a f f e c t i n g  a l s o  o t h e r  p h y s i c a l  q u a n t i -  
t i e s .  Hence, p a r t i c u l a r l y  i n  s e a r c h i n g  f o r  an a p p r o x i m a t e  so -  
l u t i o n ,  t h i s  p o i n t  r e q u i r e s  c a r e f u l  c o n s i d e r a t i o n .  For  e x a m p l e ,  
t he  s o l u t i o n  o f  t h e  system o f  i n t e g r a l  e q u a t i o n s  g i v e n  i n  [ l l ]  
i s ,  i n  t h i s  r e s p e c t ,  i n c o r r e c t .  In  f a c t ,  t h e  dominan t  p a r t  o f  
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t he  s y s t e m  c o n s i d e r e d  i n  [ l l ]  i s  i d e n t i c a l  t o  t h a t  o f  t h e  
i n t e g r a l  e q u a t i o n s  found  i n  [12 ] ,  and t h e  method o f  [ 1 2 ]  o r  
o f  t h i s  p a p e r  may be used t o  o b t a i n  a n  a p p r o x i m a t e  s o l u t i o n  
o f  the  s y s t e m  i n  [ l l ]  w i t h  t he  c o r r e c t  s i n g u l a r  b e h a v i o r .  
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